MATH V23 LECTURE NOTES (Bowen)
Section 4.4
Undetermined Coefficients—Superposition Approach
The following discussion contains equation numbers. References to equation numbers point to the equation numbers within these notes, and do not correspond to the equation numbering in this section of the textbook, unless an explicit reference to the textbook appears along with the stated equation number.
Introduction. In section 4.3 of the textbook [Zill], we solved homogeneous linear equations with constant coefficients. In this section, we will expand on this by learning to solve certain nonhomogeneous linear equations with constant coefficients. The method of undetermined coefficients relies on the fact that the derivatives of certain classes of functions (constant functions, polynomial functions, exponential functions, sine/cosine functions, products of exponential with sine/cosine functions, and products of polynomial functions with any of the preceding function types) are also functions of the same class. For an equation of the form

[bookmark: Eq_LinearNonhomogeneousODE]		(1)








we will make an educated guess that if the input function  is a sum of functions of one or more of these types, then a particular solution  will also be a linear combination of the same types of functions; the key solution-finding step will be to determine which specific linear combination is correct by calculating proper coefficients. For example, if , we will guess a particular solution of the form , then strive to find the correct coefficients A through F. (The cosine term is added because the various derivatives of  may be either cosine or sine functions, and the polynomial terms are added to provide a complete polynomial of the same degree as the one appearing in , not unlike what is required for missing terms in polynomial long division.) Table 4.4.1 on page 146 of the textbook suggests trial forms of  corresponding to selected examples of input functions .


As a reminder, the theory of linear equations developed in section 4.1 states that the general solution of the nonhomogeneous problem (equation (1)) is the sum of the general solution of the corresponding homogeneous equation (also known as the complementary function ), and any particular solution  of the nonhomogeneous equation; that is,

[bookmark: Eq_LinearNonhomogeneousGeneralSolution]		(2)



So, to solve equation (1), we will have to use the methods of section 4.3 to find , and the methods of this section to find , before we will be in a position to construct the complete general solution .









Occasionally a glitch arises in this method. If a guess for  from Table 4.4.1 includes a duplicate of a term already appearing in the complementary function , then we multiply that guess successively by , , , or a higher power  to create new guesses, until we obtain a guess that no longer appears in the expression for . The power of x used should be the smallest one that allows us to avoid having duplicate functions appear in both  and . With no further ado, we are ready to try some examples.







One other thing to notice is that the number of undetermined coefficients should be kept to a minimum. For example, if , we might initially guess . However, if we distributed this expression, we would find that each term had two coefficients: , which would be redundant. So, we’d remove the coefficient D and guess  instead, to reduce the number of coefficients from 4 to 3. Constants that multiply the entire function  may also be ignored; for example, if , then the leading 5 should not be included in 
Type I: (no duplication between the complementary function and the guess for the particular solution). Consider the example

[bookmark: Eq_LinearNonhomogeneousExample1]		(3)
for which we would like to find the most general solution. It is nearly always advantageous to begin by finding the complementary function. So, we set up the corresponding homogeneous equation

		(4)





and solve it readily by nothing that the auxiliary equation  easily factors to , from which we obtain quadratic solutions  and . These, in turn, lead directly to the complementary function .







Turning now to the particular solution, the term  in  suggests including terms  in our guess for the particular solution. The term  is a first-degree polynomial (x) multiplied by an exponential function, so we also insert a fully-formed first-degree polynomial  multiplied by a generic exponential function . However, when we write these last two and multiply them out, we obtain , which has a redundant constant E in front of each term. Eliminating the extra constant allows us to write our guess for the particular solution as

[bookmark: Eq_LinearNonhomogeneousGuess1]		(5)
[bookmark: _GoBack]To test our guess, we compute its first two derivatives and substitute them into the nonhomogeneous equation (3), in hopes that suitable constants may be found. We obtain

[bookmark: _Ref505593276][bookmark: _Ref505593298][bookmark: _Ref506921213]		(6)

		(7)

We plug our guess for  and its derivatives into equation (3) to calculate the values of the unknown coefficients A, B, C, and D:

		(8)
Factoring the above to separate the coefficients of each function in the “guess” gives

		(9)
Combining like terms, and setting coefficients equal, gives rise to a system of linear equations, in which the undetermined coefficients are the variables. The technique is not unlike the one used for partial fractions in integration:

		(10)
The solution to the above system is readily obtained from the method of substitution, starting with the second and fourth equations above, which end in zero, and the third equation, which immediately gives the value of the coefficient C. We obtain

		(11)

so, the solution for the particular solution  follows immediately by inserting these results into equation (5). We obtain

		(12)
Finally, equation (2) directs us to the general solution, which is

		(13)
The student should verify this solution by direct substitution into equation (3).
Type II: (duplication between the complementary function and the guess for the particular solution). Consider the example

[bookmark: Eq_LinearNonhomogeneousExample2]		(14)



which, at first glance, seems very similar to the Type I example above, except for a bit of tweaking of the constant coefficients on the left side of the equation. The auxiliary equation for the homogeneous version of the equation becomes , which factors as , yielding  but with a multiplicity of 2. A review of Case 2 in the Section 4.3 lecture notes assures us that the complementary function is

		(15)













Turning now to the particular solution, the term  in  again suggests including terms  in our guess for the particular solution. The term , however, reminds us of the second term of the complementary function, which is simply a constant multiple of ; if we were to use this in our guess, it would not work (it solves the homogeneous equation, not the nonhomogeneous equation). In the Type I example above, our guess for this portion of  was ; to fix the problem of duplicate terms in  and , the standard procedure is to multiply this entire portion of the guess by x, giving a second guess of . However, this second guess also contains a term of the form , so it is still not satisfactory, and we multiply by x again to obtain a third guess of . This guess contains no terms of the form , so this is what we will use. The complete guess for the particular solution becomes

[bookmark: Eq_LinearNonhomogeneousGuess2]		(16)

We again find the derivatives of  to plug them into the nonhomogeneous equation (14).

		(17)

		(18)
Consolidating the like terms visible in the expression for the second derivative gives the slightly shorter expression

		(19)

We plug our guess for  and its derivatives into equation (14) to calculate the values of the unknown coefficients A, B, C, and D:

		(20)
Factoring the above to separate the coefficients of each function in the “guess,” and consolidating like terms, gives

		(21)

		(22)

		(23)
Setting coefficients equal gives rise to a system of linear equations, in which the undetermined coefficients are the variables.

		(24)







From from the third equation, we obtain , and from the fourth equation, we obtain . We multiply the first equation by 4, and the second equation by 3, then add to eliminate the A terms, giving  and therefore . Inserting this into the first equation gives , or , or . To summarize,

		(25)

so, the solution for the particular solution  follows immediately by inserting these results into equation (16). We obtain

		(26)
Finally, equation (2) directs us to the general solution, which is

		(27)
Examples 10 and 11 on page 149 of the textbook illustrate solutions for higher-order problems; note that the principles are very similar to those used for second-order equation in these two examples. These techniques may be used for solving problems 21, 23, 25, and 35 in the homework assignment.
Page 4.4-2

image2.wmf
(

)

gx


oleObject51.bin

image43.wmf
(

)

(

)

4

4

Coefficients of sin2:1681

Coefficients of cos2:8160

Coefficients of :121

Coefficients of :4120

x

x

xAB

xAB

xeC

eCD

-+=

--=

-=

-=


oleObject52.bin

image44.wmf
(

)

1111

,,,,,,

20401236

ABCD

æö

=---

ç÷

èø


oleObject53.bin

image45.wmf
(

)

p

yx


oleObject54.bin

image46.wmf
(

)

(

)

(

)

44

1111

sin2cos2

20401236

xx

p

yxxxxee

=-+--


oleObject55.bin

image47.wmf
(

)

(

)

(

)

(

)

(

)

2644

12

1111

sin2cos2

20401236

xxxx

cp

yxyxyxcecexxxee

-

=+=++-+--


oleObject2.bin

oleObject56.bin

image48.wmf
(

)

4

816sin2

x

yyyxxe

¢¢¢

-+=+


oleObject57.bin

image49.wmf
2

8160

mm

-+=


oleObject58.bin

image50.wmf
(

)

(

)

440

mm

--=


oleObject59.bin

image51.wmf
4

m

=


oleObject60.bin

image3.wmf
(

)

p

yx


image52.wmf
(

)

44

12

xx

c

yxcecxe

=+


oleObject61.bin

oleObject62.bin

oleObject63.bin

oleObject64.bin

oleObject65.bin

oleObject66.bin

oleObject67.bin

image53.wmf
44

xx

CxeDe

+


oleObject68.bin

oleObject3.bin

image54.wmf
(

)

c

yx


oleObject69.bin

oleObject70.bin

image55.wmf
244

xx

CxeDxe

+


oleObject71.bin

oleObject72.bin

image56.wmf
3424

xx

CxeDxe

+


oleObject73.bin

oleObject74.bin

image57.wmf
(

)

(

)

(

)

3424

sin2cos2

xx

p

yxAxBxCxeDxe

=+++


image4.wmf
(

)

32

sin2

x

gxxex

=++


oleObject75.bin

oleObject76.bin

image58.wmf
(

)

(

)

(

)

2434424

2cos22sin23424

xxxx

p

yxAxBxCxeCxeDxeDxe

¢

=-++++


oleObject77.bin

image59.wmf
(

)

(

)

(

)

4242434

44424

4sin24cos26121216

28816

xxxx

p

xxxx

yxAxBxCxeCxeCxeCxe

DeDxeDxeDxe

¢¢

=--++++

++++


oleObject78.bin

image60.wmf
(

)

(

)

(

)

424344424

4sin24cos26241621616

xxxxxx

p

yxAxBxCxeCxeCxeDeDxeDxe

¢¢

=--++++++


oleObject79.bin

oleObject80.bin

image61.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

424344424

2434424

34244

4sin24cos26241621616

82cos22sin23424

16sin2cos2sin2

xxxxxx

xxxx

xxx

AxBxCxeCxeCxeDeDxeDxe

AxBxCxeCxeDxeDxe

AxBxCxeDxexxe

--++++++

éù

--++++

ëû

éù

++++=+

ëû


oleObject4.bin

oleObject81.bin

image62.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

34

24444

41616sin241616cos2163216

2416243216616162sin2

x

xxxx

ABAxBABxCCCxe

CDCDDxeCDDxeDexxe

-+++--++-+

++--+++-+=+


oleObject82.bin

image63.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

3424444

1216sin21612cos2

0062sin2

xxxxx

ABxABx

xexeCxeDexxe

++-+

++++=+


oleObject83.bin

image64.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

44

44

1216sin21612cos262

1sin20cos210

xx

xx

ABxABxCxeDe

xxxee

++-+++=

×+×+×+×


oleObject84.bin

image65.wmf
(

)

(

)

4

4

Coefficients of sin2:12161

Coefficients of cos2:16120

Coefficients of :61

Coefficients of :20

x

x

xAB

xAB

xeC

eD

+=

-+=

=

=


oleObject85.bin

image66.wmf
1

6

C

=


image5.wmf
(

)

32

sin2cos2

x

p

yxAxBxCeDxExF

=+++++


oleObject86.bin

image67.wmf
0

D

=


oleObject87.bin

image68.wmf
1004

B

=


oleObject88.bin

image69.wmf
41

10025

B

==


oleObject89.bin

image70.wmf
1

12161

25

A

æö

+=

ç÷

èø


oleObject90.bin

image71.wmf
9

12

25

A

=


oleObject5.bin

oleObject91.bin

image72.wmf
193

1225100

A

æöæö

==

ç÷ç÷

èøèø


oleObject92.bin

image73.wmf
(

)

311

,,,,,,0

100256

ABCD

æö

=

ç÷

èø


oleObject93.bin

oleObject94.bin

image74.wmf
(

)

(

)

(

)

(

)

(

)

342434

311311

sin2cos20sin2cos2

100256100256

xxx

p

yxxxxexexxxe

=+++=++


oleObject95.bin

image75.wmf
(

)

(

)

(

)

(

)

(

)

4434

12

311

sin2cos2

100256

xxx

cp

yxyxyxcecxexxxe

=+=++++


oleObject96.bin

image6.wmf
sin

x


oleObject6.bin

image7.wmf
(

)

gx


oleObject7.bin

image8.wmf
(

)

p

yx


oleObject8.bin

image9.wmf
(

)

gx


oleObject9.bin

image10.wmf
(

)

c

yx


oleObject10.bin

oleObject11.bin

image11.wmf
(

)

(

)

(

)

cp

yxyxyx

=+


oleObject12.bin

oleObject13.bin

oleObject14.bin

image12.wmf
(

)

yx


oleObject15.bin

oleObject16.bin

image13.wmf
(

)

c

yx


oleObject17.bin

image14.wmf
x


oleObject18.bin

image15.wmf
2

x


oleObject19.bin

image16.wmf
3

x


oleObject20.bin

image17.wmf
k

x


oleObject21.bin

oleObject22.bin

oleObject23.bin

oleObject24.bin

image18.wmf
(

)

23

x

gxxe

=×


oleObject25.bin

image19.wmf
(

)

(

)

(

)

23

x

p

yxAxBxCDe

=++×


oleObject26.bin

image20.wmf
(

)

2333

xxx

p

yxADxeBDxeCDe

=++


oleObject27.bin

image21.wmf
(

)

(

)

(

)

23

x

p

yxAxBxCe

=++×


oleObject28.bin

image22.wmf
(

)

gx


oleObject29.bin

image23.wmf
(

)

23

5

x

gxxe

=×


oleObject30.bin

oleObject31.bin

image24.wmf
(

)

4

412sin2

x

yyyxxe

¢¢¢

--=+


oleObject32.bin

image25.wmf
4120

yyy

¢¢¢

--=


oleObject33.bin

image26.wmf
2

4120

mm

--=


oleObject34.bin

image27.wmf
(

)

(

)

260

mm

+-=


oleObject35.bin

image28.wmf
2

m

=-


oleObject36.bin

image29.wmf
6

m

=


oleObject37.bin

image30.wmf
(

)

26

12

xx

c

yxcece

-

=+


oleObject38.bin

image31.wmf
(

)

sin2

x


oleObject39.bin

image32.wmf
(

)

gx


oleObject40.bin

image1.wmf
(

)

1

110

1

nn

nn

nn

dydydy

aaaaygx

dxdxdx

-

-

-

×+×++×+×=

K


image33.wmf
(

)

(

)

sin2cos2

AxBx

+


oleObject41.bin

image34.wmf
4

x

xe


oleObject42.bin

image35.wmf
(

)

CxD

+


oleObject43.bin

image36.wmf
4

x

Ee


oleObject44.bin

image37.wmf
(

)

444

xxx

CxDEeCExeDEe

+=+


oleObject45.bin

oleObject1.bin

image38.wmf
(

)

(

)

(

)

44

sin2cos2

xx

p

yxAxBxCxeDe

=+++


oleObject46.bin

image39.wmf
(

)

(

)

(

)

444

2cos22sin244

xxx

p

yxAxBxCeCxeDe

¢

=-+++


oleObject47.bin

image40.wmf
(

)

(

)

(

)

4444

4sin24cos2441616

xxxx

p

yxAxBxCeCeCxeDe

¢¢

=--++++


oleObject48.bin

oleObject49.bin

image41.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

4444

444

444

4sin24cos2441616

42cos22sin244

12sin2cos2sin2

xxxx

xxx

xxx

AxBxCeCeCxeDe

AxBxCeCxeDe

AxBxCxeDexxe

--++++

--+++

-+++=+


oleObject50.bin

image42.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

44

44

4812sin(2)4812cos2

16161244164412

1sin20cos210

xx

xx

ABAxBABx

CCCxeCCDCDDe

xxxee

-+-+---

+--+++-+-=

×+×+×+×


